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I. INTRODUCTI ON
Thcmml barriers arc widely used in turbines for propUlsion. They comprise a thermally insul ati ng coating having sufficicllI thickness an d du rabili ty 10 sustain an appreciable temperature di fference between the lo.1d bearing alloy and the surface. Their benefit resides in an ab ility 10 sustain thermal gradients in the substrate motivates the instability because, at ambient temperatures, the TGO becomes residually compressed and is unstable against increases in length [6] . The challenge is to understand how these effects interrelate and to derive mechanism-based solutions for the cyclic changes in amplitude. Two basic ideas for the morphological instability have been put forward. One of these visualizes the phenomenon as ratcheting [9] [10] [11] [12] [13] . This is manifest as cyclic plastic displacement upon cooling and heating, vectored into the bond coat by the lateral growth strain in the TGO. The other imagines a volume decrease caused by a localized phase change (from b to g'+b), upon TGO formation, that results in its downward displacement [8] . The present article elab orates on the first concept by developing a simulation scheme capable of probing a range of mechanistic possibilities.
Two prior investigations [9, 10] have illustrated that morphological instabilities can be linked to ther mal cycling and TGO growth, but both were limited in applicability by material and geometrical simplifi cations. An original analysis identified general requirements and responses [9] , but subject to the fol lowing limitations: The surface had sinusoidal undu lations, amplitude A and wavelength, L; The bond coat had temperature independent yield strength, s bc Y , Young's modulus, E bc , and thermal expansion coef ficient, a bc . The substrate had the same properties as the bond coat; the TGO was considered elastic with Young's modulus, E tgo , and thermal expansion coef ficient, a tgo . To simulate oxidation, the TGO was allowed to undergo an isotropic growth strain at the highest temperature in the thermal cycle. A sub sequent analysis [10] , relaxed some of the material restrictions, but required a major geometric simplifi cation. Namely, by reverting to spherical symmetry, the TGO was modeled as an annular domain embed ded within the bond coat. This allowed derivation of analytical results for stresses and plastic zone sizes that provided key additional insights. Another inno vation was the introduction of a growth strain that depended on the in-plane stress in the TGO induced at the maximum temperature in the cycle. The present analysis sets out to eliminate the restrictions of the previous models within a tractable numerical scheme. It uses imperfections having realistic geometric characteristics, with material properties representative of actual thermal barrier systems.
THE SIMULATION SCHEME

The approach
The model is depicted in Fig. 1 . It consists of an axi-symmetric undulation in the bond coat with exter nal (periodic) boundaries enough large to assure a negligible interaction between imperfections. The substrate is deep enough to suppress overall bending. To simulate an oxidation process wherein most of the new TGO forms at the interface, but a small amount may form internally, within the prior TGO [7, 13, 14] , an anisotropic growth law is used. The magnitude of the strain per cycle normal to the interface, E t (which governs the thickening), is taken to be much larger than the strain per cycle, E g , parallel to the interface (which causes lengthening of the TGO and induces the growth stress). Moreover, in order to limit the growth stress to levels found experimentally [4, 7] , the TGO is allowed to undergo high temperature stress relaxation. This is realized by assigning a yield strength, s tgo Y , at the peak temperature, and allowing it to rise rapidly with decrease in temperature, such that at lower temperature, the TGO behaves as an elastic medium. The details are elaborated later. This protocol assures that the high temperature (growth) s tgo stress in the TGO never exceeds Y , but allows larger stresses to develop on cooling. It will be shown below the growth stress attains s tgo (in compression) Y on flat sections and that the stresses induced at ambi ent are consistent with measured values [4, 6] . In order to attain as much simplicity as possible, and yet retain the essence of the combined effects of growth and cycling, the thickening per cycle, E t , is taken to be small enough that the total TGO thickening is less than the initial thickness. The effects of large increases in thickness are being addressed in a sub sequent study. For some of the preliminary calculations, the bond coat is assumed to have a temperature invariant yield strength. The results for this case are used to affirm some of the previous calculations [9, 10] as well as to demonstrate the characteristics of the instability for a more representative geometry, subject to a more complete representation of the TGO. With these effects established, the influence of a temperature dependent yield strength is explored, in accordance with trends found for prototypical bond coats ( Fig. 2 ) [15, 17] . Furthermore, the effect of the mismatch in thermal expansion between substrate and bond coat [16] is analyzed and discussed.
Cracking of the TGO is not included in the present version of the model. This does not appear to be a major limitation, since cracks are only observed in regions exhibiting severe ratcheting [13] . An embel lishment based on thin film cracking criteria will be introduced in a later version.
The numerical method
The simulations have been conducted by using the finite element method, employing the commercially available code ABAQUS. Four-node axi-symmetric, bi-linear elements are used. The axis of symmetry is at the center of the undulation, with periodic bound ary conditions (Fig. 1) . The undulation has been assigned a representative shape and size ( Fig. 1 ) [4, 6, 8, 13] : radius, R o =6 µm and initial amplitude, A o =2.4 µm. The surface of the TGO facing the TBC is left traction free. Because of its low stiffness [6] , the TBC is assumed to have a minor effect on the general behavior: the specific effects of the TBC will be addressed in a later study. Growth of the TGO is simulated by imposing stress-free strains in accordance with a user subrout ine, uexpan. It consists of two components, E g and E t . The in-plane component, E g , is assumed to be spati ally uniform through the TGO-thickness. This strain duplicates the formation of new oxide along the grain boundaries of a columnar-grained TGO [4, 6, 8] . Thickening of the TGO is modeled by adding a strain, E t , in the row of TGO elements next to the bond coat †. The TGO thickness after N cycles is thus:
where h 0 is the initial thickness of the TGO, and h e 0 is the element thickness (equal to 1/6h 0 , since the oxide is modeled by six elements in its thickness). Note that no growth strain is applied in the last cycle (therefore E t is qualified by N-1). The fraction, b, of the new oxide that forms internally
is assumed to be independent of the TGO thickness. In this study b=10. The growth strain is allowed to vary within the range found experimentally, 10 -4 <e g <5×10 -3 [13] . The growth stress in the TGO is restricted to s tgo = ±1 GPa [6, 7] †.
Y
The bond coat is taken to be 50 µm thick [4, 6, 8, 13] and assumed to be elastic/perfectly plastic. For cases that explore the temperature dependence of yielding (Fig. 2) The plastic zone that forms on cooling has approxi mate spherical symmetry, with effective radius, R pl , as depicted in Fig. 3A . For this choice of parameters, reverse yielding occurs on re-heating (Fig. 3B) , with effective radius, R * pl . The evolution of the plastic zone upon cooling and reheating over 12 cycles is plotted on Fig. 4A . During the first cycle, yielding com mences on cooling at a temperature, T cool �580°C, while reverse yielding on heating begins at a tempera- ture, T heat �920°C. As cycling proceeds, the system adjusts in the following manner. On cooling, the zone enlargement rate, dR pl /d(-T), increases to a "steady state". As this occurs, for the first few cycles, T cool decreases, but thereafter increases. Consequently, the zone size at ambient increases systematically with N ( Fig. 4B ) and, after a few cycles, the rate, dR pl /dN, reaches a "steady-state". Coincident with these changes, upon re-heating, T heat decreases, causing R * pl to increase with increase in N, as indicated on Fig.  4B . Comparisons of the analytical estimates for the plastic zone sizes [10] with the numerical results (Fig.  6 ) reveal reasonable consistency. That is, the analyti cal prediction of the zone size during the first cycle is quite accurate. The numerical and analytical zone sizes deviate with increase in the number of thermal cycles, because the analytical derivation does not account for the residual stresses that arise as the sys tem cycles and ratchets.
The strains, E pl , that accumulate within the plastic zone increase systematically with the number of cycles. This is exemplified by the distributions present after 12 cycles (Fig. 5A) and by monitoring the evolution of the plastic strain at the location of its maximum value (Fig. 6) . The evolution of the plastic strains has the characteristics depicted in Fig. 6B . In the first cycle, initial yielding on cooling and reverse yielding on heating are apparent, as well as the changes in the incidence of forward and reverse yield ing with the subsequent cycles. The adjustments are consistent with those noted above for the plastic zone size (Fig. 4A) . The change in the accumulated strain with the number of cycles is shown in Fig. 7 . After 12 cycles, the plastic strain reaches almost 10%. This is the strain that accommodates the displacement of the TGO into the bond coat, manifest as an increase in the undulation amplitude with the number of cycles (Fig. 8A) . The specific undulation growth rate, dA/dN, is governed by the growth strain, E g (Fig. 8B) . The criticality of the growth strain is visualized by arrest ing this strain after a few cycles (Fig. 8C ). Note that, absent E g , the ratcheting stops even though the bond coat and the TGO are allowed to yield.
For a bond coat having higher yield strength, s bc Y = 400 MPa, the corresponding results (Figs 3-8) reveal that the plastic-zone size, the plastic strains and the imperfection amplitude all increase during the first few cycles. But, thereafter, their enlargement stops, indicative of shakedown. The yield zones are depicted on Fig. 3(C and D) . A key differentiator from the lower s bc is the absence of reverse yielding.
The plastic zone size, R pl is plotted in Fig. 4B and the imperfection amplitude, A, on Fig. 8(A and B) . The plastic strain distribution is revealed on Fig. 5B . The accumulation of the plastic strain is indicated in Fig. 6B and its variation with N plotted in Fig. 7 . The results of calculations conducted for a wider range of s bc up to 24 cycles, expressed in terms of Y the change in imperfection amplitude (Fig. 8A ) and the cumulated plastic strain (Fig. 7) , suggest the fol lowing situation. When s bc Y <250 MPa, reverse yield ing occurs in the first cycle, whereupon R pl , E pl and A all continue to increase on a cycle-to-cycle basis, with no discernable limit. Conversely, when s bc is Y larger, there is no reverse yielding, whereupon the changes in plastic zone size, plastic strain and imper fection amplitude decrease significantly or stop after a few cycles. This yield strength thus appears to rep resent a bifurcation between ratcheting and shake down. This conclusion will be elaborated in the dis cussion.
Cyclic stresses in the TGO.
Further under standing is gained by monitoring the stress changes occurring in the TGO at the two levels of s bc The Y . stresses tangential to the TGO/BC interface are inves tigated in Fig. 9 . At the higher s bc (Fig. 9C and D) , Y the stresses become spatially uniform after about eight cycles and invariant in magnitude with further cycling, indicative of a cyclic "steady-state". They are at yield at the peak temperature (about -1 GPa) and reach -4 GPa at ambient. Accordingly, after the first few cycles, all subsequent growth strains are "absorbed" by TGO yielding at the peak temperature, accounting for the lack of further changes in plastic zone size and in undulation amplitude. Conversely, at the lower s bc Y , spatial variations in the TGO stress per sist ( Fig. 9A and B) . At elevated temperature, the stresses are mostly below yield. They are tensile in some sections of the imperfection (up to 1 GPa), yet in compression elsewhere, indicative of bending. At ambient, the TGO is in compression everywhere, but the stress is lower at the undulation than along the planar segments. This spatial variability is retained as cycling proceeds. Since the TGO is unable to take up the stress-free strain from growth, the bond coat must continue to "absorb" it, resulting in systematic changes in plastic strain and imperfection amplitude.
Isothermal response.
As a further probe of the effects of temperature cycling, some of the results above are compared with the "single-cycle" response. That is, after the first half cycle, the material is held at temperature long enough to accumulate a growth strain, (N-1)E g , then cooled to ambient and reheated. The imperfection amplitude that ensues is compared with that obtained after N cycles, each subject to strain, E g (except in the final cycle). The results (Fig. 10) indicate that, in all cases, the cyclic amplitude change is larger than the iso s bc thermal, with the difference increasing as Y decreases. Similarly, the plastic strains are appreci ably smaller after isothermal exposure than upon cyc ling (see Fig. 5C ). The implication is that, upon cyc ling, whenever the condition for reverse yielding is established, a "reset" process appears to be installed and plastic straining continues with each thermal cycle, with no discernable limit. This effect is absent under isothermal conditions.
Role of thermal expansion misfit between bond coat and substrate
The role of the thermal expansion misfit between the bond coat and the substrate is explored on Figs 11 and 12. Two cases have been considered. One in which the bond coat has a larger thermal expansion coefficient than the substrate (positive misfit) and the other lower (negative misfit). In both cases, the misfit is |a bc |ppm/°C: the substrate has thermal expansion 14.3 ppm/°C. The calculations reveal that, for both cases, the amplitude change is higher than for a bond coat with a bc =0 (Fig. 11) . Moreover, relative to expansion matched systems, ratcheting persists (no shakedown) for appreciably larger s bc Y . Thermal expansion misfit between the bond coat and the substrate, a bc , can be regarded as a source of an "applied" stress, This assessment is consistent with the finite element results, which also demonstrate how general straining interacts with the localized strains around the undu lation to cause the cyclic plasticity (Fig. 12) , con sidered to be the source of the enhanced ratcheting. Now, the plastic zones have more complex (non spherical) shape, because of the interaction. Specifi cally, when the misfit causes the bond coat to be in residual tension upon cooling, plastic straining is enhanced at the base of the imperfection, because the misfit-induced, in-plane, tension [10] enhances the stress caused by the TGO (Fig. 12C and D) . On re heating, reverse yielding is more prevalent around the sides of the imperfection, resulting in a toroidal plas tic zone ( Fig. 12C and D) . For the converse misfit, the in-plane compression induced on cooling [10] Fig. 10. Undulation amplitude change for multiple cycles compared to that for a single cycle. For both cases N=12, whereupon the total growth strain is 11E g (E g =10 -3
). suppresses plastic straining beneath the imperfection, but enhances it at the sides ( Fig. 12A and B) . More over, a larger reverse plastic zone develops on re heating ( Fig. 12A and B) . Regardless of the details, the misfit always appears to facilitate cyclic yielding around imperfections and broadens the incidence of ratcheting to encompass stronger bond coats. A more detailed analysis is needed to provide the fundamental understanding needed to predict the influence of the expansion misfit on the ratcheting domain, especially within the context of a ratchet ing map.
Temperature dependent yielding.
All practical bond coats have a yield strength that varies strongly with temperature [15, 17] . A prototypical variation for b-(NiAl) alloys has been shown on Fig.   2 The lower value is used to explore some trends and also to address responses in bond coats, such as g' alloys, that can have quite low yield strength at ambi ent [15, 17] .
The differences relative to temperature-invariant yielding are as follows. The bond coat is now suf ficiently soft at high temperature that some plastic deformation occurs during the TGO growth phase, adding to the accumulation of the plastic strain (Fig.  13A ). Upon cooling, while the bond coat is still soft, the plastic zone size and the plastic strains both increase, but plastic straining ceases at a temperature, T tr (about 900°C). Thereafter, the expansion misfit is accommodated strictly by elastic straining and, conse quently, upon re-heating back to T tr , the system sim ply "unloads". Reverse yielding occurs when the tem perature approaches the peak. Even though the reverse yield zone is small, it appears to be sufficient to "reset" the stresses, thus promoting ratcheting and increasing the amplitude of the imperfection. The change in the accumulated plastic strain with number of cycles is plotted in Fig. 13B . The corresponding change in the undulation amplitude is plotted on dependent yield strength, despite the large yield strength at ambient. Again, ratcheting correlates with the incidence of reverse yielding. These results are preliminary and a detailed under standing still needs to be developed. Nevertheless, one implication is that ratcheting displacements are fully developed when the temperature reaches T tr : further cooling has no effect. This prediction is amen able to experimental assessment.
IMPLICATIONS AND CONCLUSIONS
Displacement instabilities in the thermally grown oxide originating from initial interface imperfections have been simulated by developing and using a numerical code. The emphasis has been on factors that exert the key influence on the instability. The simulation has been based on a range of phenomena and constituent properties. It involves plasticity in the bond coat, growth strains in the TGO, thermal expan sion misfit between the TGO, bond coat and substrate, as well as stress relaxation in the TGO at high tem perature. In order to explore the fundamentals of the cyclic plasticity occurring in the bond coat, around the imperfections, plastic zone development upon temperature cycling has been simulated, as well as the associated plastic strains. Changes in the amplitude of the imperfections have been determined as the system cycles. The stresses in the TGO have also been moni tored. One of the key implications is that the inci dence of reverse yielding upon reheating differen tiates between ratcheting and shakedown. That is, whenever the conditions for reverse yielding is satis fied during the initial cycle, the system ratchets. Otherwise, shakedown occurs. The situation is vis ualized on Fig. 15 . For a bond coat having a tempera ture invariant yield strength, this transition occurs at a yield strength of about 250 MPa for the configuration analyzed in the study. For the small overall thickening investigated in this article, there is no significant change in transitional yield strength as the TGO grows. However, some effects are expected when larger changes in thickness are explored in the ongo ing study. That the instability can only occur for such "soft" bond coats (s bc :250 MPa) is inconsistent with the y experimental findings [4, 13] . Two other effects that expand the ratcheting domain have thus been explored.
1. One is the thermal expansion misfit between the bond coat and the substrate. It has been found from simulations that such misfit enhances ratchet ing by expanding the zone that experiences cyc lic yielding. 2. The second relates to the temperature dependence of the yield strength: the bond coat being relatively soft at high temperature, but strong at ambient.
In such cases, most of the cyclic plasticity occurs over a narrow temperature range close to the peak tem perature. One consequence is an appreciably enhanced ratcheting domain, even when the bond coat has ambient temperature strength in the 1 GPa range. Another consequence is that the ratcheting-rate is fully realized when the minimum temperature in the thermal cycle is in the 900°C range. Cooling to ambi ent is not required. While the simulations have "unearthed" several phenomena that appear to be centrally related to the occurrence of ratcheting, such as thermal expansion misfit between the bond coat and the substrate, as well as the temperature dependence of yielding, the fundamentals remain to be addressed. This would require a comprehensive series of calculations and correlation with the experimental findings. Such details will be addressed in a subsequent study.
